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ABSTRACT: Focusing on mechanical and dielectric relaxation, we study the dynamics of semiflexible
linear chains, stars, and dendrimers. For this, we use an extension of the Rouse-model in which we include, in
the spirit of Bixon and Zwanzig ( J. Chem. Phys. 1978, 68, 1896) and of von Ferber and Blumen ( J. Chem.
Phys. 2002, 116, 8616), restrictions on the bonds’ orientations. In every case the dynamical matrix in the
bonds’ representation turns out to be a sparsematrix, a fact which simplifies its diagonalization andmay pave
the way for further analytical treatments.

Introduction

Recently, based on the classical Rouse-Zimm approach1,2

much effort has been invested in the evaluation of the dynamical
properties of extremely large polymer structures.3 While Rouse-
Zimmmodels neglect a whole series of basic features (such as the
excluded volume, the stiffness of the structures and the entangle-
ments), they allow to display aspects typical of the underlying
topology, aspects which appear only when very large systems are
considered.3,4 Especially the Rouse variant has turned out to be
particularly fruitful; its extension to the concept of generalized
Gaussian structures (GGS) has allowed a semianalytical treat-
ment of dendrimers,5-8 of regular hyperbranched fractals9,10 and
of fractal structures with loops.4,11-13 In these cases, by a
judicious assessment of the underlying symmetry, one succeeded
in establishing the form of the eigenvectors and in factorizing the
characteristic polynomial of the Langevinmatrix involved, some-
times to such a level that its eigenvalues could be determined very
precisely through iterative procedures.4-6,9,10 Fundamental in
this respect is the sparsity (the fact thatmost of the entries vanish)
of the matrices under study.14

In the present workwewill implement stiffness into the Rouse-
model, in the spirit of the approach byBixonandZwanzig (BZ).15

The BZ-approach for semiflexible chains is very fruitful and of
steady interest; new advances are summarized in ref 16. Recently
an extension of the BZ-model was used in the study of melts of
polymer chains.17 Another variant of the model has been pro-
posed in order to describe protein dynamics.18 The basic idea of
introducing stiffness, as exemplified in ref 15 for linear chains,
consists in viewing the bonds between consecutiveRouse beads as
oriented vectors and in fixing the average value of the angle
between them.The idea is readily extended tobranched structures
by appropriate restrictions,7,15,19-21 also vide infra. Clearly, such
an approach, originally called optimized Rouse-Zimmmodel,15

presupposes a discrete object and differs from models in which
the polymer chain segments are taken to be continuous, such as in
the wormlike chain model (WLC).22-25

An interesting aspect to note is thatmost of the works devoted to
discrete semiflexible polymers have chosen to stay within the
optimized Rouse-Zimm framework, by taking both the hydro-
dynamic interactions and the stiffness parameters into account.19-21

As we proceed to show, this choice (while somehow more realistic)

generally leads to Langevin equations whose matrices are rather
complex and which do not show sparsity. Here we will follow a
different course:Wewill stay within the Rouse scheme of theGGS,
while including the stiffness between the bonds of the model
polymer.7 As we proceed to show, not only for linear chains but
also for stars and for dendrimers, the procedure leads to sparse
matrices in the bonds’ representation. On the basis of this knowl-
edge, the calculation of the dynamical characteristics simplifies
drastically, fact which allows us to compute the mechanical and
dielectric relaxation forms for large structures.

The form of the present paper is as follows: In the next section,
we summarize the basis of the GGS and introduce the relations
that allow to take semiflexibility into account. In the section
Examples, we recall the classical findings for linear chains and
derive in analytical form the corresponding sparse matrices also
for star polymers and for dendrimers. In the sectionDynamics we
derive the form of the complex dielectric susceptibility for
semiflexible, type A polymers in Stockmayers’ classification26

and recall the forms of the storage andof the lossmoduli. Then, in
the following section, we display our results for semiflexible star
polymers and dendrimers, in which we use both the formulas and
the eigenvalues and eigenvectors which we derived. In the last
section, we close with Conclusions.

Theory

Starting in the framework of generalized Gaussian structures
(GGS),3 we study here tree-like networks, which include, in parti-
cular, linear chains, stars, and dendrimers. The GGS are an
extension of the classical Rouse approach for linear chains,1 in
which the vertices are the beads (monomers) and the bonds
(segments) are the springs. The configuration of a GGS is given
by the set of position vectors of theNmonomers {ri}, where ri (t)
is the position vector of the ith bead at time t. We focus on tree-
like networks only, so that the N beads are connected by N - 1
bonds. We denote these bonds by {da} (a=1,y,N- 1), so that
the “a” bond is related to the beads “i” and “j” which it connects,
through

da ¼ rj -ri ð1Þ

This relation can be formulated inmatrix formby introducing the
matrices DR and RR as the columns of the R={x,y,z} com-
ponents of the bond vectors {da} and the position vectors {ri},*Corresponding author. E-mail: dolgushev@physik.uni-freiburg.de.
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respectively. From eq 1, it follows that

DR ¼ PRR ð2Þ
For each bond da that is directed from bead i to bead j the (N -
1)�NmatrixP� (Pai) has as nonzero entries onlyPai=-1 and
Paj=1. In the mathematical literature,27 the transposed mat-
rix PT is well-known as the incidence matrixG� (Gia); therefore,
eq 2 takes the form

DR ¼ GTRR ð3Þ
The dynamics of a polymeric structure is described in the

Rouse-scheme by the Langevin equation:

ζ
D
Dt
rRiðtÞ þ D

DrRi
VRðfrkgÞ ¼ fRiðtÞ ð4Þ

Here R runs over the components x, y, and z, ζ is the friction
coefficient, fRi(t) is the R component of the usual Gaussian
random force acting on the ith bead for which Æfk(t)æ=0 and
Æ fRk (t) fβm(t0)æ=2kBTζδkmδRβδ(t- t0) holds, andVR ({rk}) is the
harmonic potential

VRðfrkgÞ ¼ K

2

X
R,m, n

rRmA
R
mnrRn ð5Þ

In eq 5, all bonds have been taken to be equal, with spring
constant K=3kBT/l

2, where l2 is the mean-square length of each
bond and kB is the Boltzmann constant. TheN�NmatrixAR�
(Aij

R) is the connectivity matrix and is symmetric. Each diagonal
elementAii

R equals the number of bonds emanating from ith bead,
and the off-diagonal elements of AR are either -1 if i and j are
connected by a bond, or 0 otherwise.

With the potential VR ({rk}) given by eq 5, the Langevin
equation decouples in terms of the components x, y, and z.
Therefore one has for each R-component in matrix form:

ζ
DRRðtÞ

Dt
þ KARRRðtÞ ¼ FRðtÞ ð6Þ

Here FR is the column of the R-components of the Langevin
random forces { fRi}.

The Rouse connectivity matrix AR is related to the incidence
matrix G by the expression27

AR ¼ GGT ð7Þ
as is easy to verify as follows: (GGT)ij is the inner product of the
rows i and j ofG. If i 6¼ j, then these rows have a nonzero entry in
the same column a if and only if there is a bond a joining the beads
i and j. In this case, the two nonzero entries are+1 and-1, so that
(GGT)ij=-1. Similarly, (GGT)ii is the inner product of the row i
with itself, and, since the number of entries (which can be+1 or
-1) in the ith row is equal to the functionality fi of the ith bead,
this results in (GG

T)ii=fi. Hence GG
T reproduces the definition

of the connectivity matrixAR. Replacing now in eq 5AR byGGT

and using twice eq 3 leads to:

VRðfdagÞ ¼ K

2

X
R

DT
RDR ¼ K

2

X
a

da
2 ð8Þ

This relation recovers the physically obvious fact that in the
bonds’ representation the potential eq 5 has a diagonal form.

Now, semiflexibility can be introduced in GGS scheme by
inserting geometrical restrictions on the bonds’ orientations.

Originally15 this was done in the framework of generalized
Langevin equations;28 equivalently, one can implement semiflex-
ibility by generalizing eq 8 and taking7

VBZðfdagÞ ¼ K

2

X
a, b

Wabda 3 db ð9Þ

The general form of the potential VBZ, eq 9, allows to impose
restrictions on the angles between the bonds of the GGS through
the matrix W � (Wab). Namely, calculating the equilibrium
bond-bond correlations Æda 3 dbæ with respect to the Boltzmann
distribution exp(-VBZ/kBT) yields, under the assumption that
the {da} are Gaussian

Æda 3 dbæ ¼ l2ðW-1Þab ð10Þ
Clearly, there are different ways in which the matrix W could

be built. However if we take forW the inverse of the matrix V �
(Vab) constructed according to the physically plausible conditions
listed below, then it turns out for several systems of basic
importance (such as linear chains, stars and dendrimers) that
the corresponding matricesW have a particular and sparse form.

Here is the list of rules which allow to define the matrix V by
stipulating conditions on the {Vab}. First

Vaa ¼ 1 ð11Þ
a relation reflecting the fact that themean-squared bond length is
fixed, Æda 3 daæ=l2. Second, for adjacent bonds a and b connected
by the common bead i, stiffness is introduced through the
condition

Vab ¼ ( ti ð12Þ
In eq 12 the parameter ti depends on i (see the discussion below)
and the bonds are directed so that the plus sign is chosen for a
head to tail arrangement, whereas the minus sign appears in the
two other cases. Third, for a tree-like network all nonadjacent
bonds, e.g., a and c, are connected by a unique shortest path (b1,
b2,y,bk-1,bk), where a is adjacent to b1, bi to bi+1 and bk to c.
Thus, in the spirit of the freely rotating chain model, we assume
the following relation to hold:

Vac ¼ Vab1Vb1b2yVbkc ð13Þ
Let us now focus on the possible values which the ti may

reasonably take. As we will proceed to show, this range depends
on the functionality fi of i, so that ti lies between 0 and 1/( fi - 1).
First, in the case that all correlations between the orientations of
different bonds vanish, we have a fully flexible polymer.Now this
corresponds to having ti=0 for all i. It is now a simple matter to
verify that, following eqs 12 and 13,V is the unit matrix, and so is
then V-1, i.e. W. By this eq 9 turns into eq 8. Second, we take a
fixed, rigid configuration of bonds around i, orient thempointing
away from i and denote byθab the angle between a and b. Now, as
before, <cos θab>=- ti, where we took the tail to tail con-
figuration into account. On the other hand, in three dimen-
sions, the sum of the cosines of all pairs of angles is bounded29 byP

a<b cosθab g -fi/2. Since the number of pairs of bonds is
fi( fi- 1)/2, it follows by averaging that-ti( fi- 1)g-1, i.e., that

tie1=ð fi -1Þ ð14Þ
Whether now situations exist inwhich ti=1/( fi- 1) andall angles
between bonds are exactly equal depends on fi and on the
embedding space. The question is simple for fi =2 and dimen-
sions equal or larger than 1, where one is led to stiff rods; in fact,
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in the BZ-picture one obtains in this limit so-called Gaussian
rods, as discussed in ref 30. Now for fi=3 one has ti=

1/2 for a
planar arrangement, with an angle of 2π/3 between the bonds; for
fi = 4 one needs a 3-dimensional space in order to have an
arrangement inwhich all 6 pairs of bonds involved are equal,with
cosθ=-1/3, the structure being a tetrahedron; the strict equality
of allmutual angles cannot be realized anymore for fig 5 in three
dimensions. Evidently, for any fig 4, there are many realizations
of
P

a<b cos θabg-fi /2 possible, if one discards the condition of
the strict equality of all angles.

Examples

In this section, we consider linear chains, stars, and dendri-
mers. For all listed examples we provide the matrix V. Then we
display its inverse,W=V-1, and prove that indeedVW=1, where
1 is the unit matrix.

Linear Chains. In this section we recall the well-known
forms15 for V and for W for a linear chain of N beads.
Figure 1 displays such a chain, in which the bond vectors are
arranged head to tail. For simplicity we assume all the ti to be
equal, ti � t for all i, and, as discussed above, take t < 1.
Using eqs 11, 12, and 13, V reads:

V ¼
1 t y tN-3 tN-2

t 1 y tN-4 tN-3

t2 t & l l
l l y 1 t

tN-2 tN-3 y t 1

0
BBBB@

1
CCCCA ð15Þ

As we proceed to show, for t < 1, the matrix V has an
inverse. Consider namely

W ¼ 1

1-t2

1 -t 0 y 0
-t 1-t2 -t & l
0 & & & 0
l & -t 1-t2 -t
0 y 0 -t 1

0
BBBB@

1
CCCCA ð16Þ

We first note the structure of W: it is a sparse matrix with
particular features; the diagonal elements corresponding to
internal bonds equal (1 + t2)/(1 - t2), whereas those
corresponding to peripheral bonds equal 1/(1 - t2). The
matrix elements next to the diagonal elements equal-t/(1-
t2), whereas the matrix elements corresponding to bonds
without a common site vanish. As we will show in the
following, such regularities also show up in the more com-
plex cases considered below.Wenote that the sparsity ofW is
also a key point in obtaining the memory functions for the
segments’ orientations in linear chains.31

It is now a simple matter to verify that indeed VW= 1
holds, by directly multiplying eqs 15 and 16. We note thatW
for linear chains was already given by Bixon and Zwanzig15

and that this expression is also a consequence of the max-
imum entropy principle in the treatment of stiffness used by
Winkler, Reineker, and Harnau.25,32

Star Polymers.As next example we focus on star polymers
consisting of f arms and having n bonds in each arm. In
Figure 2, we display such a star for which the functionality of
the central bead (core) is f= 3 and all bonds have their
orientations pointing away from the core. We number the
bonds consecutively along each of the arms of the star,
having hence (d1,y,dn) for the first arm, (dn+1,y,d2n) for
the second one, etc., as also indicated inFigure 2.We set q for
the stiffness parameter of the bonds associated with the core,
q < 1/( f - 1), and t with t < 1 for all other stiffness
parameters.

According to eqs 11, 12, and 13, the matrix V has now the
following block form:

V ¼
T S y S
S & & l
l & & S
S y S T

0
BB@

1
CCA ð17Þ

Namely,V consists of f� f block matrices, each of which is a
n � n matrix. The elements of the matrices T=(Tij) on the
main diagonal are given, as in the previous case, byTij=t|i-j|,
where i and j run from 1 to n. The elements of the off-
diagonal matrices S=(Sij) (where again i and j run from
1 to n) are given bySij=-qt(i+j-2). One can note here that the
shortest path connecting two bonds on distinct arms of the
chain passes through the core (which leads to the factor q)
and that then one change of direction occurs, hence giving
the factor (-1).

We now claim that the W matrix corresponding to the
matrix V of eq 17 has the following form:

W ¼
W1 W2 y W2

W2 & & l
l & & W2

W2 y W2 W1

0
BB@

1
CCA ð18Þ

Hence, the matrixW also consists of f� f blocks, each of the
form n� n. The diagonal blocksW1 ofW have the following
structure:

W1 ¼
λc μ 0 y 0
μ λ μ & l
0 & & & 0
l & μ λ μ
0 y 0 μ λp

0
BBBB@

1
CCCCA ð19Þ

Here the off-diagonal blocks W2 contain only one nonzero
element μc; their structure is

W2 ¼
μc y 0
l y l
0 y 0

0
@

1
A ð20Þ

Figure 1. Bonds of a chain molecule consisting of N beads. The
configuration of the segments is head to tail and they are numbered
from left to right in ascending order.

Figure 2. Bonds of a starmolecule whose central beadhas functionality
f = 3. See the text for details.
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Moreover, the parameters appearing in eqs 19 and 20 are (as
a function of t and q) as follows:

λ ¼ ð1 þ t2Þ=ð1-t2Þ ð21Þ

λc ¼ 1=ð1-t2Þ þ ð f -1Þq2=ðð1 þ qÞð1-ð f -1ÞqÞÞ ð22Þ

λp ¼ 1=ð1-t2Þ ð23Þ

μ ¼ -t=ð1-t2Þ ð24Þ

μc ¼ q=ðð1 þ qÞð1-ð f -1ÞqÞÞ ð25Þ
One can again remark that W is sparse, that the matrix
elements corresponding to pairs of bonds without a common
site vanish and that inW five constants show up, depending
on whether the bonds are peripheral, connected to the core
(central) or otherwise internal (interarm), and whether ad-
jacent bonds are connected through the core or through
another site.

We now show that for V andW given by eq 17 and eq 18,
respectively, we indeed haveVW=1. We start by settingK=
VW and show step-by-step that K=1. With each element of
thematrixK=(kab) are associated the bond vectors da and db.
Now each bond vector, e.g., db, can be either central (b ∈ (1,
n + 1,y,( f - 1)n + 1)) or peripheral (b ∈ (n,2n,y,fn)) or
interarm. In all these cases we consider first the diagonal
elements and the elements associated with bonds adjacent to
db, doing it columnwise. Thereafter we consider the elements
corresponding to nonadjacent bonds.

Let us begin with db being central. For the element kab,
associated with db and any other central da, we have from eqs
17 to 20:

kab ¼ -qλc -qtμ þ ½1-ð f -2Þq�μc ð26Þ
Together with eqs 21-25, it follows that

kab ¼ 0 ð27Þ
The diagonal element kbb associated with the vector db is
given by

kbb ¼ λc -ð f -1Þqμc þ tμ ð28Þ

which, with eqs 21-25, leads to kbb=1. The central bond b is
adjacent to only one interarm bond, b + 1, and the corre-
sponding element of the matrix K is given by

kbþ1, b ¼ -ð f -1Þqtμc þ tλc þ μ ð29Þ

It follows with eqs 21-25 that kb+1,b=0.
For an interarm position of the vector db, the diagonal and

next to diagonal elements of the column b of thematrixK are
given by

kb-1, b ¼ tλ þ μ þ t2μ ð30Þ

kbb ¼ λ þ 2tμ ð31Þ
and

kbþ1, b ¼ tλ þ t2μ þ μ ð32Þ

Using eqs 21 and 24 leads to

kbb ¼ 1 ð33Þ
and to

kbþ1, b ¼ kb-1, b ¼ 0 ð34Þ
For a peripheral position of the vector db we have for the

diagonal and the next to diagonal elements of K

kbb ¼ tμ þ λp ð35Þ
and

kb-1, b ¼ μ þ tλp ð36Þ
Together with eqs 23 and 24, we obtain that

kbb ¼ 1 ð37Þ
and that

kb-1, b ¼ 0 ð38Þ
Now let us consider the element kcb, which is associated

with the two nonadjacent bonds c and b connected by the
shortest path (c,x1,y,xm,b), where c is adjacent to x1, xi to
xi + 1 and xm to b. Taking into account eq 13, we obtain

kcb ¼ ð-qÞδtm-δkxmb ð39Þ
where δ is equal to one, if the shortest path connecting the
vectors db and dc passes through the center of the star, and
zero otherwise. Given that we have already shown that all
nondiagonal elements ofK corresponding to adjacent bonds
are equal to zero, i.e. that kxmb

=0, we obtain that kcb=0
holds for all c 6¼ b.

Consequentlywe have proved that all diagonal elements of
the matrix K are equal to one, whereas all off-diagonal
elements are equal to zero. Therefore K=1 and VW=1, as
stated.

We stop to note that the case of f=2 and t=q leads to a
linear chain with an even number of bonds. Setting t=q and
f=2 into eqs 21 to 25 leads to λc=λ and μc=-μ; i.e., it
reproduces the results of a linear chain with an even number
of bonds, whose vectors are oriented away from the central
site.

Finally, we stop to note that thematrixV for star polymers
already appeared in the works of Guenza and Perico,19,20 in
which, however, the matrixWwas not obtained in analytical
form.

Dendrimers. Dendrimers are macromolecules which
branch repeatedly. The first generation of a dendrimer with
functionality f is a star with f arms containing one bond each.
The next generation is then given by attaching ( f - 1) new
bonds to each peripheral bead of the previous generation.
The total number of beads of a dendrimer of generation g
equals f [( f - 1)g - 1]/( f - 2) + 1. A dendrimer of
functionality f=3andgenerationg=3is sketched inFigure 3,
where the vectors point away from the core. The numbering
of the bonds occurs generationwise, as given in the figure.

To fix the ideas we focus here on dendrimers of function-
ality f=3. Adjacent bonds are arranged tail to tail for bonds
belonging to the same generation and head to tail otherwise.
The elements of thematrixV are constructed following to eqs
11, 12, and 13, where the stiffness parameters are taken to be
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equal, ti � q for all i. For a first generation dendrimer V is
given by

V ¼
1 -q -q
-q 1 -q
-q -q 1

0
@

1
A ð40Þ

and the corresponding matrix W by

W ¼ R
-1 þ q -q -q
-q -1 þ q -q
-q -q -1 þ q

0
@

1
A ð41Þ

where R=1/(-1+q+2q2).
For a second generation dendrimer, g=2, one has for theV

the following structure:

V ¼ B11 B12

B21 B22

 !
ð42Þ

where B11 is a 3� 3, B12 a 3� 6, B21=B12
T a 6� 3, and B22 a

6 � 6 matrix. Moreover

B11 ¼
1 -q -q
-q 1 -q
-q -q 1

0
@

1
A ð43Þ

B12 ¼
q q -q2 -q2 -q2 -q2

-q2 -q2 q q -q2 -q2

-q2 -q2 -q2 -q2 q q

0
@

1
A ð44Þ

and

B22 ¼

1 -q -q3 -q3 -q3 -q3

-q 1 -q3 -q3 -q3 -q3

-q3 -q3 1 -q -q3 -q3

-q3 -q3 -q 1 -q3 -q3

-q3 -q3 -q3 -q3 1 -q
-q3 -q3 -q3 -q3 -q 1

0
BBBBBB@

1
CCCCCCA ð45Þ

The matrix W corresponding to V has a structure similar to
eq 42, namely

W ¼ C11 C12

C21 C22

 !
ð46Þ

In eq 46

C11 ¼ R
-1 þ q-2q2 -q -q

-q -1 þ q-2q2 -q
-q -q -1 þ q-2q2

0
@

1
A

ð47Þ

C12 ¼ qR
1 1 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 1

0
@

1
A ð48Þ

C21=C12
T and

C22 ¼ R

-1 þ q -q 0 0 0 0
-q -1 þ q 0 0 0 0
0 0 -1 þ q -q 0 0
0 0 -q -1 þ q 0 0
0 0 0 0 -1 þ q -q
0 0 0 0 -q -1 þ q

0
BBBBBB@

1
CCCCCCA

ð49Þ
The parameter R in eqs 47-49 equals R=1/(-1+ q+2q2).

For any arbitrary generation, e.g., g, the matrix V=(Vab)
has the following structure: The diagonal elements are
always unity. The elements associated with adjacent bonds
da and db are equal to (q, where the sign is minus when the
vectors da and db belong to the same generation and plus if
they are from different generations. For nonadjacent bonds,
e.g., dx and dy, the elementsVxy=Vyx equal(qn+1, where n is
the number of vectors (dz1,y,dzn) in the shortest path (x,
z1,y,zn,y) which connects the vectors dx and dy. The sign is
plus when all the vectors (dx,dz1,y,dzn, dy) belong to different
generations and is minus in all other cases.

The elements of the matrix W for generation g (as in the
case g=2 given in eqs 46-49) take only five different values.
The diagonal elements of the nonperipheral bonds (at gen-
eration 1 to (g- 1)) are equal to (-1+ q- 2q2)/(-1+ q+
2q2)� ν, and those of the peripheral bonds (at generation g)
are equal to (-1+ q)/(-1+ q+2q2)� νp. If the bonds da an
db are adjacent, then the corresponding elementsWab=Wba

equal ( q/(-1 + q + 2q2) � ( ξ, where the plus sign holds
for segments belonging to different generations and the
minus sign otherwise. The elements corresponding to non-
adjacent bonds are always equal to zero.

The proof thatVW=1 is as follows.We start by settingK=
VW and show thatK=1. The proof depends onwhether db is
in a nonperipheral, Figure 4a or Figure 4b, or in a peripheral
position, Figure 4c. A nonperipheral db has four nearest
neighbors da, dd, dc, and de, whereas a peripheral db has only

Figure 3. Bonds of a dendrimer with functionality f= 3 at generation
g = 3. See the text for details.

Figure 4. Domains from a dendrimer molecule. In parts a and b, the
vector db is in an internal and in part c in a peripheral position. In part a,
the vectors da, db and dd belong to the same and in part b to different
generations.
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two neighbors da and de. In both cases, we treat first,
columnwise, the diagonal elements of K and the elements
of K associated with adjacent bonds. Then we focus on the
elements of K related to nonadjacent bonds.

We begin with db being nonperipheral; see parts a and b of
Figure 4. The diagonal element of the matrix K is given by

kbb ¼ ν þ 4qξ ð50Þ
However, the nondiagonal elements corresponding to the
adjacent nearest neighbors are for Figure 4a

-kab ¼ -kdb ¼ kcb ¼ keb ¼ ξ-qξ þ qν þ 2q2ξ ð51Þ
and for Figure 4b

þkab ¼ -kdb ¼ kcb ¼ keb ¼ ξ-qξ þ qν þ 2q2ξ ð52Þ
Here we have used the constants ν and ξ introduced above.
When we substitute their expressions as a function of q into
eqs 50-52, we obtain kbb=1 and kab=kdb=kcb=keb=0.

When db is peripheral, Figure 4c, we have as diagonal
element

kbb ¼ νp þ 2qξ ð53Þ
and for the nondiagonal elements corresponding to the
adjacent nearest neighbors:

kab ¼ -kdb ¼ ξ-qξ þ qνp ð54Þ
After substitution of νp and ξwe obtain that kbb=1and kab=
kdb=0.

Finally, as before, for the elements of K corresponding to
any two nonadjacent bonds, e.g., x and y, connected by a
shortest path (x, z1,y,zm, y), eq 13 yields, depending on the
bonds’ orientation

kxy ¼ qmkzmb ð55Þ
or

kxy ¼ -qmkzmb ð56Þ
Given that kzmb=0 it follows that kxy=0.

Thus the diagonal elements of K are all unity, whereas all
nondiagonal elements vanish. It follows that K=1, as pre-
viously claimed.

Dynamics

We nowmake use of the generalization of the Rouse-model to
describe the dynamics of semiflexible structures obtained by
replacing (in the spirit of ref 15) the potential VR, eq 8, through
the potential VBZ, eq 9. By this the Langevin equation of the
Rouse-model, eq 6 turns into

ζ
DRRðtÞ

Dt
þ KABZRRðtÞ ¼ FRðtÞ ð57Þ

where now, according eqs 3 and 9, ABZ is given through

ABZ ¼ GWGT ð58Þ
The important featurewhichwenow find (vide infra) is that the

expressions for the dielectric relaxation change with respect to
what holds for the simple Rouse model. On the other hand,
following the classical derivation,33 the expressions for the
mechanical moduli stay unaffected by the change from AR to
ABZ, the only change consisting in different values for the
eigenvalues.

Equation 57 can be solved using the normal mode transforma-
tion

rRiðtÞ ¼
X
k

CikQRkðtÞ ð59Þ

where C={Cik} is the matrix which diagonalizes the matrix ABZ

C-1GWGTC ¼ Λ ð60Þ
Here it should be noted that thematrixC depends on the stiffness
parameters {ti}. In the limit {tif 0} we haveW=1; therefore the
matrixC({ti=0}) will diagonalize thematrixGGT, i.e., the Rouse
connectivity matrixAR. Under the transformation given by eq 59
the Langevin equation simplifies to

ζ
D
Dt
QRkðtÞ þ KλkQRkðtÞ ¼ f̂ RkðtÞ ð61Þ

where f̂ Rk(t) =
P

i(C
-1)ki fRk (t). Hence Æf̂ Rk(t)f̂ βm(t0)æ =

2kBTζδkm δRβ δ(t - t0) and Æ̂fk(t)æ=0, so that, from eq 61 the
following relations hold:33,34

ÆðQR1ðtÞ-QR1ð0ÞÞðQβ1ðtÞ-Qβ1ð0ÞÞæ ¼ δRβ
2kBT

Nζ
t ð62Þ

and

ÆQRkðtÞQβmð0Þæ ¼ δRβδkmÆQβm
2æe-t=τm

ðk,m ¼ 2,y,NÞ ð63Þ

whereQβm
2=kBT/(Kλm) and τm=ζ/(Kλm)=τ0/λm. Here the {λm}

are the eigenvalues which build the diagonal matrix Λ. For a
connected network theN�NmatrixABZ has rank (N- 1). This
is due to the fact that bothW andG have rank (N- 1):W because
it is a (N- 1)� (N- 1) matrix and has an inverse;G because it is
the incidence matrix of a connected network of N sites.27 There-
fore the matrix ABZ has exactly one nondegenerate eigenvalue,
λ1=0.7 The knowledge of the nonzero eigenvalues {λm} andof the
eigenvectors of ABZ is sufficient for determining many of the
dynamical properties of GGS, such as the mechanical and
dielectric relaxation.

We now follow the changes in the relaxation forms due to the
inclusion of stiffness according to eqs 57 and 58 and start with the
dielectric features. Dielectric relaxation is related to the fre-
quency-dependent complex dielectric susceptibility, ε*(ω). One
usually focuses on Δε*(ω), which is introduced as follows:

Δε/ðωÞ ¼ ε/ðωÞ-ε¥
ε0 -ε¥

ð64Þ

In eq 64, ε0 and ε¥ denote the limiting low- and high-frequency
dielectric constants, respectively. In general, for the Δε*(ω) of
polar molecules embedded in nonpolar solvents under an oscil-
latory electric field E=E0exp(iωt), one has

35

Δε/ðωÞ =
Z ¥

0

-
d

dt
C0ðM; tÞ

� �
expð-iωtÞ dt ð65Þ

when the local fields are not important. In eq 65, C0(M;t) is the
normalized autocorrelation function of the total dipole moment
M(t) of the polymer system:

C0ðM; tÞ ¼ ÆMð0ÞMðtÞæ
ÆM2ð0Þæ ð66Þ
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In general, the expression forΔε*(ω), eq 65, cannot be reduced to
a simple, compact form. However, we proceed to show that this
becomes possible under certain conditions.

Here we focus on the dielectric response of a polar GGSwhose
bonds possess dipole moments directed along them, the type
A-model according Stockmayer’s classification.26 In this model
one assigns a longitudinal dipole moment ma to each bond da of
the GGS, so that |ma| is proportional to |da|. On the other hand,
ma can be oriented parallel or antiparallel to da. The total dipole
moment M(t) of the GGS is then given by:

MðtÞ ¼
XN-1

a¼1

μadaðtÞ ð67Þ

whereμa=μea is the dipolemoment per unit length, and ea∈ {+1,
-1} gives the orientation.

To proceed, we assume that the orientations {ea} are random
and uncorrelated.36,37 This key feature simplifies the situation
considerably. Denoting the average over the distinct dipole
moments orientations by Æyæorwe obtain for the autocorrelation
function of M(t):

ÆMð0ÞMðtÞæ ¼ μ2
X
a, b

ÆeaebæorÆdað0ÞdbðtÞæ

¼ μ2
X
a

Ædað0ÞdaðtÞæ ð68Þ

In deriving eq 68 we made use of the condition of random
orientation, Æeaebæor=δab. Using the definition of the incidence
matrix G, eq 3, and the normal mode transformation, eq 59, we
obtain

ÆMð0ÞMðtÞæ ¼ μ2
X

a, i, j, k, l
ÆððGT ÞaiCikÞQkð0Þ 3 ððGT ÞajCjlÞQlðtÞæ

¼ μ2
XN
k¼2

ÆQ2
kæðCTGGTCÞkkexpð-t=τkÞ

þ μ2ÆQ1ð0ÞQ1ðtÞæðCTGGTCÞ11
ð69Þ

where ÆQk
2æ=3kBT/(Kλk). Note that the first column of C, which

corresponds to the eigenvalue λ1 = 0, is given by the vector
(1,y,1)T/N1/2. This vector is also an eigenvector of GGT=AR,
because of the particular structure of the incidence matrix G: In
each row it has only one entry -1 and only one entry +1.
Therefore (CTGGTC)11=0. Then one has for the normalized
autocorrelation function of the dipole moment:

C0ðM; tÞ ¼ Σk γk expð-tλk=τ0Þ
Σk γk

ð70Þ

where we introduced the notation γk � (CT
GG

T
C)kk/λk. After

substitutionof the last equation into eq 65, the real and imaginary
parts of the complex susceptibility Δε* (ω)=Δε0(ω) - iΔε0 0(ω)
follow

Δε0ðωÞ ¼ 1PN
k¼2

γk

XN
k¼2

γk
ð1 þ ðωτ0=λkÞ2Þ

ð71Þ

and

Δε00ðωÞ ¼ 1PN
k¼2

γk

XN
k¼2

γkωτ0=λk

ð1 þ ðωτ0=λkÞ2Þ
ð72Þ

One should note the change from the case of usual Rouse model:
in the case of semiflexible structures one has to know not only the
eigenvalues {λk}, but also the {γk}. In the flexible limit all {γk}
equal unity, and we recover the usual formulas for the Rouse
model.36,37

Another useful experimental method for investigating the
dynamics is the mechanical relaxation.33 Here we follow closely
the derivation of ref 34, andwe obtain (distinct from the dielectric
relaxation) the same functional forms for AR and for ABZ. To
determine the mechanical moduli one subjects the sample to a
harmonic strain, e.g., s(t) = s0 cos(ωt), which leads to the
appearance of a velocity term in the Langevin equation, which
equals s(t)ri under the assumption that all the {ri} are uncoupled.
Focusing only on one component of the strain, e.g., sRβ(t)�s(t),
we obtain

ζ
D
Dt
rRiðtÞ þ D

DrRi
VBZðfrkgÞ ¼ fRiðtÞ þ sðtÞrβiðtÞ ð73Þ

In the rigid limit, we have a strong coupling between the position
variables. Therefore eq 73 can hold only in the semiflexible
regime, very far from the rigid limit. Now the response to a
harmonic strain field is a stress

σRβ ¼ -ðν=NÞ
X
n

ÆFRnrβnæ ð74Þ

where the multiplier ν=(N/V) is the number of monomers per
unit volume and the force FRn is due to the potential VBZ({ri}),
being given by

FRn ¼ -
D

DrRn
VBZðfrigÞ ð75Þ

Using the normal mode transformation, eq 59, the Langevin
equation, eq 73, simplifies to

ζ
D
Dt
QRkðtÞ þ KλkQRkðtÞ ¼ f̂ RkðtÞ þ sðtÞQβkðtÞ ð76Þ

where we have the same notations as in eq 61. TheRβ-component
of the stress tensor reads as follows:

σRβ ¼ ðKν=NÞ
X
k

λkÆQRkðtÞQβkðtÞæ ð77Þ

The correlation function ÆQRk(t)Qβk(t)æ follows from eq 76:

ÆQRkðtÞQβkðtÞæ ¼ kBT

Kλk

Z t

-¥
dt0 exp½-2ðt-t0Þ=τp�sðt0Þ ð78Þ

Substituting eq 78 into eq 77 gives

σRβ ¼
Z t

-¥
dt0 Gðt-t0Þsðt0Þ ð79Þ

where G(t) reads

GðtÞ ¼ ðνkBT=NÞ
X
k

expð-2t=τkÞ ð80Þ

by which we recover the classical expression, eq 5.84 of ref 34.
Thus, in the usual way, the complex shear modulusG*(ω), has as
real, G0(ω), and imaginary, G00(ω), components

G0ðωÞ ¼ νkBT

N

XN
k¼2

ðωτ0=2λkÞ2
1 þ ðωτ0=2λkÞ2

ð81Þ
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and

G00ðωÞ ¼ νkBT

N

XN
k¼2

ωτ0=2λk

1 þ ðωτ0=2λkÞ2
ð82Þ

where, as below eq 63, we set τ0=ζ/K. Here it is practical to
introduce the reduced variables denoted by [G0(ω)] and [G0 0(ω)]
and defined through3

½G0ðωÞ� ¼ 1

N

XN
k¼2

ðωτ0=2λkÞ2
1 þ ðωτ0=2λkÞ2

ð83Þ

and

½G00ðωÞ� ¼ 1

N

XN
k¼2

ωτ0=2λk

1 þ ðωτ0=2λkÞ2
ð84Þ

We conclude that in terms of the BZ-model the moduli of
semiflexible polymers depend (as in the pure Rouse case) only
on the eigenvalues {λk}. This differs from the situation for the
dielectric relaxation, where also the knowledge of the eigenvec-
tors is required. The only exception to this is the pure Rouse-
model, where for N . 1 the following expressions hold exactly:3

Δε0ðωÞ ¼ 1-½G0ð2ωÞ� ð85Þ
and

Δε00ðωÞ ¼ ½G00ð2ωÞ� ð86Þ

Results and Discussion

Based on the results obtained in the previous chapters, we
evaluate now for semiflexible polymers the dynamical functions
we are interested in, namely themoduliG0(ω) andG00(ω) aswell as
the dielectric forms Δε0(ω) and Δε0 0(ω). We recall the universal
scaling relations which hold for all finite networks: for very small
ω one has G0(ω)∼ ω2, G0 0(ω)∼ ω, Δε0(ω)∼ ω0 and Δε0 0(ω)∼ ω;
for very large ω one has G0(ω)∼ ω0, G00(ω)∼ ω-1, Δε0(ω)∼ ω-2

andΔε0 0(ω)∼ω-1. As in all related cases, the particular structure
of the network can be seen only in the in-between region. For the
mechanical relaxation the dimensionless units νkBT = 1 are
chosen, so that G0(ω)=[G0(ω)] and G0 0(ω)=[G0 0(ω)].

We start by considering a six-arm star with n=15 segments per
arm and vary the stiffness parameter t, while at the same time
assuming that q, the stiffness parameter for the bonds stemming
from the center bead equals q=t/5. We now plot in Figure 5 the
mechanical storage G0(ω) and loss G00(ω) moduli and in Figure 6
the real and imaginary parts, Δε0(ω) andΔε0 0(ω), of the dielectric
susceptibility. The range of parameters extends from the Rouse-
case, t=0, up to t=0.7.

Focusing first on Figure 5, we see for the Rouse-case, in the
absence of any stiffness, a global behavior very reminiscent of
linear chains,where the curves in the intermediate domain scale;
both for G0(ω) and for G0 0(ω);with the power 1/2. The fact that
we have a star and not individual chains is evidenced in the low-ω
range by the appearance of a small bump superimposed on the
smooth underlying curve in the transition region form the long
time (small ω) to the intermediate domain. With increasing
stiffness the picture changes, however. For larger t, the dynamical
intermediate range becomes wider and thus the curves get broad-
er. Furthermore, one witnesses the appearance of low lying
modes, whose global influence is to change the apparent slope
in the intermediate regime. In Figure 5, we have indicated this

change in slope frombeing close to 1/2 for t=0 tobeing close to 1/4
for t=0.7; the best fit to the G0 0(ω) curve for t=0.7 gives an
exponent of 0.266. Now a 1/4 exponent is the hallmark of
semiflexible chains, see refs 38 and 39

Even more impressive are the findings for Δε0(ω) and for
Δε0 0(ω), presented in Figure 6. As mentioned before, in the

Figure 5. Storage G0(ω) and loss G0 0(ω) moduli for a star with f = 6
arms and n= 15 segments in each arm, plotted for different degrees of
stiffness t. Here the stiffness of the core is always given by q= t/( f- 1).

Figure 6. Real Δε0(ω) and imaginary Δε0 0(ω) parts of the complex
susceptibility for a star with f = 6 arms and n = 15 segments in each
arm. The parameters are as in Figure 5.
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presence of stiffness the simple relations3 between G0(ω) and
Δε0(ω) on the one hand and G0 0(ω) and Δε00(ω) on the other, eqs
85 and 86, do not hold exactly anymore. While with increasing t
the curve Δε0(ω) stays quite smooth and manifests mainly the
widening of the dynamical range, in Δε0 0(ω) the additional low-
lying modes that appear at the expense of the high lying ones
become clearly evident. In our theoretical framework, we are thus
led for t large to a quite rich structure.

Wenow turn to the case of dendrimers and consider a structure
with functionality f=3 at the generation g=8. The forms of the
mechanical and of the dielectric relaxation are given in Figure 7
and Figure 8, respectively. Here we encounter only the function-
alities f=3 for the internal and f=1 for the peripheral sites. Thus
here the semiflexibility depends only on the parameter q, see, e.g.,
eq 40. In Figure 7 and Figure 8, we vary q from the pure Rouse-
case, q=0, to the semiflexible case q=0.4. As for star poly-
mers, here again we find an increase in the intensity of the low
lying modes at the expense of the high lying ones. The Rouse
behavior in Figure 7 is typical for dendrimers; for these no scaling
is observable in the intermediate range, the G0(ω) and G0 0(ω)
curves being best described by logarithmic expressions.3,40

Introducing stiffness lets the G0(ω) curve increase more slowly,
see Figure 7. Even more pronounced is the effect of stiffness
on G00 (ω): Here, with increasing stiffness, the curves develop
a minimum in the intermediate range, fact also observed in
previous works.7,21

The dielectric relaxation forms, Δε0(ω) and Δε0 0(ω), present
similar features. First, in the Rouse case, G0 0(ω) and Δε0 0(ω)
behave in the same way, see eq 86, an aspect which gets lost with
increasing q. Introducing stiffness leads to changes in the forms of
G0 0(ω) and of Δε0 0(ω). Thus, whereas in the high-ω regime the
G0 0(ω) curves shift to higher frequencies, the Δε0 0(ω) curves have
the tendency to lay strictly below the q=0 curve. The low-ω
regime is different: Here the increase in Δε0 0(ω) is more accen-
tuated than inG0 0(ω). In fact Figure 8 displays for Δε0 0(ω) a large
shift in its maximum toward lowerω values. So that the widening
of Δε00(ω) occurs in the direction of the slow modes, whereas
G0 0(ω) widens in both directions.

Given the profound differences in the relaxation behaviors of
star polymers and of dendrimers, we present in Figure 9 a direct
comparison between two such structures. For this, we allow in
both cases the maximal chemical distance from the central
monomer (the core) to the peripheral monomers to be the same,

Figure 7. Storage G0(ω) and loss G0 0(ω) moduli for a dendrimer of
generation g=8and functionality f=3plotted for different degrees of
stiffness q. Figure 8. Real Δε0(ω) and imaginary Δε0 0(ω) parts of the complex

susceptibility for a dendrimer of generation g = 8 and functionality f
= 3 plotted for different degrees of stiffness q.

Figure 9. Loss modulus G0 0(ω) and the imaginary part Δε0 0(ω) of the
complex susceptibility plotted for a dendrimer of generation g=8 and
functionality f = 3 and for a three-arm-star with n = 8 segments per
arm. The degrees of stiffness q and t are as indicated.
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namely 8. Furthermore, we fix for both objects the functionality
to the value f=3. This allows us (in the absence of excluded
volume effects) to have for both molecules the same averaged
core-periphery distance, at the cost of having different numbers
of monomers in each molecule, namelyN=766 in the dendrimer
and N=25 in the star polymer. In Figure 9 we display for both
molecules G0 0(ω) and Δε00(ω) under two district stiffness condi-
tions: In the first case we take a quite low degree of stiffness, by
using q=0.1 and t=0.2, in the second case a quite high degree of
stiffness, by assuming q=0.4 and t=0.8.While in the first case the
relaxation patterns are not very different from the fully flexible
Rouse-behavior, Figure 9 renders clear the considerable changes
that occur by going to high degrees of stiffness; in the figure the
extension of the intermediate regime and the fact that for Δε00(ω)
the widening happens only on the low frequency side are clearly
visible. Moreover, Figure 9 shows with increasing stiffness more
drastic changes in Δε0 0(ω) than in G00(ω).

Some of our theoretical results are also reflected in recent
experiments on branched polymers, albeit in melts, such as on
Cayley-tree-type polyisoprene (CT-PI).41 The corresponding
mechanical and dielectric relaxation data found in the experi-
ments by Watanabe et al. show in the intermediate frequency
region thatG00(ω) scales approximately asω1/4, see Figure 2 of ref
41, a result typical for semiflexible spacers. This finding is also in
agreement with recent simulations on melts of semiflexible
chains.39,42 In the measurements by Watanabe et al. the imagin-
ary part of the dielectric relaxation, Δε00(ω), displays a plateau-
like behavior, see Figure 3 of ref 41, a result similar to our
Figure 6. Furthermore, recent rheological experiments on den-
drimers43 show for G0 0(ω) a local minimum in the region of
intermediate frequencies, as we also find in Figure 7.

We close by noting that extensions of the BZ-model for melts
made out of semiflexible chains were quite successful: ref 17
reports quantitative agreement between neutron spin echo ex-
periments and such models. Another extension of the BZ-model
allowed good predictions of the NMR relaxation data and of the
Debye-Waller factors for the local dynamics of proteins.18Based
on these findings, we expect that our treatment of semiflexible
tree-like networks in the BZ-framework will also lead to fruitful
extensions and applications.

Conclusions

In this article we have studied the dynamics of semiflexible
chains, stars and dendrimers. Semiflexibility is introduced by
inserting geometrical restrictions on the bonds’ orientations,
which fact affects the shape of the potential, transforming it in
the bonds’ description to a nondiagonal bilinear form. Under
physically reasonable assumptions leading to the matrix V,
defined by eqs 11, 12, and 13, it turns out that the matrix W,
its inverse (W=V-1), is a particularly simple, sparse matrix.
Thus the only nonzero off-diagonal elements of W correspond
to adjacent bonds and the diagonal elements ofW (corresponding
to individual bonds) depend on the functionalities and stiffness
parameters of the sites connected by the bond in question.

Based on the simple structure of the matrices W, we have
investigated both the mechanical and the dielectric relaxation
forms for dendrimers and for star polymers. It turns out that for
semiflexible polymers the dielectric relaxation depends not only
on the eigenvalues (as in the case for flexible polymers), but also
on the eigenvectors ofABZ. This fact leads in the semiflexible case
to differences between G0 0(ω) and Δε0 0(ω), the latter displaying a
very rich structure.
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